The interaction of light with solids gives rise to new bosonic quasiparticles, with the exciton being-undoubtedly-the most famous of these polaritons. While excitons are the generic polaritons of semiconductors, we show that for strongly correlated systems another polariton is prevalentoriginating from the dominant antiferromagnetic or charge density wave fluctuations in these systems. As these are usually associated with a wave vector (π, π, . . .) or close to it, we propose to call the derived polaritons π-tons. These π-tons yield the leading vertex correction to the optical conductivity in all correlated models studied: the Hubbard, the extended Hubbard model, the Falicov-Kimball, and the Pariser-Parr-Pople model, both in the insulating and in the metallic phase.
Since the springtime of modern physics, the interaction of solids with light has been of prime interest. The arguably simplest kind of interaction is Einstein's Noble prize winning photoelectric effect [1] , where the photon excites an electron across the band gap. More involved processes beyond a mere electron-hole excitation can be described in general by effective bosonic quasiparticles, coined polaritons since a polar excitation is needed to couple the solid to light.
The prime example of a polariton is the exciton [2, 3] , where the excited electron-hole pair is bound due to the Coulomb attraction between electron and hole. This interaction is visualized in Fig. 1 (a) . Since it is an attractive interaction, an exciton requires the exciton binding energy less than an unbound electron-hole pair. Other polaritons describe the coupling of the photon to surface plasmons, magnons or phonons. Fig. 1 (b) describes the exciton in terms of Feynman diagrams: the incoming photon creates the electronhole pair (distinguishable by the different [time] direction of the arrows) which interact with each other repeatedly and finally recombine emitting a photon. Since the energy-momentum relation of light is very steep compared to the electronic bandstructure of a solid, the transferred momentum from the photon is negligibly small q = 0. Thus, electron and hole have the same momentum. For semiconductors this is often the preferable momentum transfer as well, connecting the bottom of the conductance with the top of the valence band as in Fig. 1  (a) .
In this paper we show that the generic polaritons for strongly correlated systems are strikingly different. While semiconductors are band insulators with a filled valence and empty conduction band, strongly correlated systems are typically closer to a half-filled (or in general integer filled) band which is split into two Hubbard bands by strong electronic correlations as visualized in Fig. 1 and Feynman diagrams (bottom) behind an exciton (left) and a π-ton (right). The yellow wiggled line symbolizes the incoming (and outgoing) photon which creates an electron-hole pair denoted by open and filled circles, respectively. The Coulomb interaction between the particles is symbolized by a red wiggled line; dashed line indicates the recombination of the particle and hole; dotted line denotes the creation of a second particle-hole pair (right); black lines the underlying bandstructure (top panels).
or charge density wave (CDW) fluctuations with a wave vector close to q = (π, π, . . .) [4, 5] . Indeed these fluctuations can be described by the central part of the Feynman diagram Fig. 1 (b) , where the bare ladder diagrams correspond to the random phase approximation (RPA). However the wave vector q = (π, π, . . .) cannot directly couple to light, which only transfers q = 0. Hence an exciton-like polariton as displayed in Fig. 1 (b) is not possible for AFM or CDW fluctuations.
As we will show in this paper, the (π, π, . . .) fluctuations nonetheless constitute the dominant vertex corrections beyond a bare (bubble) particle-hole excitation. This is possible through a process where the central part of the Feynman diagram Fig. 1 (b) , i.e., the (π, π, . . .) fluctuations, are rotated (and flipped) as sketched in Fig. 1 (d) . Now it is possible to transfer q = 0 from the photon and to pick up nonetheless the strong AFM or CDW fluctuations at k − k ≈ (π, π, . . .). The physics of the associated process is visualized in Fig. 1 (c) . First, the light creates an electron-hole pair. Because of the strong Coulomb interaction this electron hole-pair creates a second electron-hole pair at a wave vector displaced by (π, π, . . .), and the two interact repeatedly with each other, before emitting a photon again. Note that if one assigns times to the electron-photon and Coulomb interactions in Fig. 1 (d) there are, after the first and till the last Coulomb interaction, always two particle and two hole Green's functions. This makes the π-ton distinctively different from excitons or quasiparticle-quasihole excitations, including those of a backfolded Brillouin zone envisaged as the coupling of AFM fluctuations to light in [6] where the importance of AFM fluctuations was realized.
This excitation resembles to some extent [7] the pairing of electrons in superconductors through magnetic fluctuations. Since AFM or CDW fluctuations are typically at or close to a wave vector (π, π, . . .), we suggest to call this polariton a π-ton. But of course if a strongly correlated system happens to have its dominant fluctuations at another wave vector k − k = 0, the same processes described in this paper allow for the coupling to light, creating polaritons.
In hindsight it appears rather obvious that AFM or CDW fluctuations couple this way to light. Why has this not been realized before? This is because numerical methods such as quantum Monte Carlo [6] or exact diagonalization [8] suffer from the difficulty to analyze the underlying physical processes, and analytical methods as e.g. RPA or FLEX [9] have been mostly biased with respect to certain channels such as the particle-hole (ph) channel in Fig. 1 (b) for excitons. Similar Feynman diagrams but with maximally crossed interaction lines, i.e., the particle-particle (pp) channel, have been made responsible for weak localization [10] and strong localization [11] in disordered systems. But the third (rotated) transversal particle-hole (ph) channel of Fig. 1  (d) has, to the best of our knowledge, not been considered hitherto, except for the second order diagram, the Aslamazov-Larkin correction [12] [13] [14] which for half-filling compensates the second-order diagram of the pp-channel. Let us emphasize that it is however the whole ladder which is responsible for strong AFM or CDW fluctuations.
Our insight has only been possible because of recent methodological advances which allow us to study all three aforementioned channels unbiasedly, using the parquet equations [16] [17] [18] within the dynamical vertex approximation (DΓA) [19] [20] [21] , the dual fermion approach (DF) [22] and the parquet approximation (PA) [16] . For a review of these and related methods [23] [24] [25] [26] , see [27] .
Models and methods. Let us now turn to the actual calculations, starting with introducing the models, which all can be summarized in the Hamiltonian
where c
iσ represents annihilation (creation) operator for an electron with spin σ at site i; n iσ = c † iσ c iσ ; ij sums over each nearest neighbor pair i, j once. For the Hubbard model (HM) we have a local interaction U only, i.e., V ij = 0, and t denotes the hopping. We also study the extended Hubbard model (ExtHM), with nearest-neighbor interaction V ij = V . The Pariser-Parr-Pople model (PPP) [28, 29] describes conjugated π-bonds in carbonbased organic molecules and is here employed for a benzene ring, i.e., a one-dimensional chain with six sites, periodic boundary conditions and interactions between all sites. Finally, the Falicov-Kimball model (FKM) [30, 31] has the same form as the HM but the hopping is only for one spin species. All models are solved for the square lattice (except PPP) at half-filling in the paramagnetic phase; t ≡ 1 and Planck constanth ≡ 1 set our unit of energies and frequencies; for the optical conductivity lattice constant a ≡ 1, elementary charge e ≡ 1.
We employ the method which we consider most appropriate for the four models, i.e., the parquet DΓA for the HM [32] , the PA for the ExtHM and PPP (which is here more precise than a non-self-consistent DΓA [33, 34] ), and a parquet variant of the DF, extending earlier DF approaches [35] [36] [37] , [38] . We solve the parquet equations on a 6 × 6 momentum grid, except for the PPP for benzene which has 6 sites or momenta. For the HM, ExtHM and PPP we use the victory code [18] to solve the parquet equations, and w2dynamics [39] to calculate the fully irreducible vertex in case of the HM; for the FKM we employ a reduced frequency structure of the vertex [37] implemented in a special-purpose parquet code.
, for δ → 0, is calculated from the current-current correlation function χ q=0 jj at Matsubara frequency ω n and momentum q = 0 , which can be separated into a bubble term consisting of two Green's functions G k only and vertex corrections F kk q d in the following way:
Here and in the following, we use a four-vector notation k = (k, ν n ) with q = (q = 0, ω n ); γ q=0 k = ∂ k /∂k denotes the dipole matrix elements given by the derivative of the energy-momentum relation in the Peierls approximation [40] .
In the parquet-based approaches employed, the vertex F contains contributions from the fully irreducible ver- Optical conductivity for real frequency (main panel) and the corresponding current-current correlation function in Matsubara frequencies (insets) of the five cases studied, showing the bare bubble (σ0) and the full conductivity (σ) including vertex corrections (in the insets χ 0 jj and χ jj , respectively). Bottom: Corresponding vertex correction to the current-current correlation function χ jj separated into ph, ph, pp and Λ contributions. For the PPP also the contribution of a RPA-like pp-ladder is shown. Parameters from left to right: U = 4t, T = 0.1t (HM); U = 4t, T = 0.17t, V = t (ExtHM); T = 0.1t, U = 3.962t, V01 = 2.832t, V02 = 2.014t, V03 = 1.803t (PPP; interactions translated into units of t are fitted to experiment [15] 
tex Λ as well as contributions that are reducible in the three channels (ph, ph, pp): F = Λ + Φ ph + Φ ph + Φ pp [41] . The density component F d that enters the optical conductivity denotes the even spin combination [17, 27] .
Inserting in Eq. 2 instead of F one of the summands Λ, Φ ph/ph/pp we obtain the contributions from the respective channels: χ Λ , χ ph , χ ph , and χ pp . The most simple contributions to χ ph and χ ph are just the ladder diagrams of Fig. 1 (b) and (d) , respectively. For the analytic continuation of the optical conductivity to real frequencies we employ the maximum entropy method [42] ; for the PPP we used Padé interpolation.
Results: Optical Conductivity. Let us now turn to the results, starting with the optical conductivity in Fig. 2  (top) . Within the four models, we studied five physically different examples: HM (metal), ExtHM (metal), PPP (insulator), FKM (insulator), and FKM (metal) [see Supplemental Material (SM) for results at different parameters]. In all five cases we see noticeable vertex corrections. For the two insulators, especially for the PPP, there is a strong reduction of the optical gap compared to the oneparticle gap (bare bubble contribution σ 0 ). Usually one would associate such a reduction to the exciton binding energy. However, when inspecting the contribution of the individual channels in Fig. 2 (bottom) , we see that it is not the ph-channel of the exciton but the ph-channel which is dominating and responsible for the reduction of the optical gap. Note that a ph-ladder built from a local interaction (RPA) or a local vertex (as e.g. in dynamical mean field theory [43] ) has zero contribution to the optical conductivity [44] . This is why we included in our study also the PPP and ExtHM where through non-local interaction one obtains simple ladder contributions in the ph-channel [45] .
For two of the metallic cases (HM and FKM) the vertex corrections reduce the conductivity at small frequencies. One might be tempted to associate this with weak localization corrections, i.e., the pp-channel. But again by inspecting the vertex contributions in Fig. 2 (bottom) we see that it is the ph-channel that is dominating; the pp contribution is small. The third metallic case (ExtHM) is different in the sense that, besides the ph-channel, the bare vertex Λ contributes to a similar amount. This is because the non-local interaction provides an additional way to polarize the system and hence to couple to light.
In all cases except for the ExtHM, the pp-channel provides the second largest contribution. One might suspect that this stems from simple RPA-like ladder diagrams as envisaged in the theory of weak localization. But this is not the case. In the case where this pp-channel is largest, i.e., for the PPP, we additionally plot the contribution from a bare RPA-like pp-ladder. It is negligibly small.
Physical origin of vertex corrections. Why does the phchannel give such a big contribution? It is because of the dominant fluctuations in the system. These are AFM or CDW fluctuations at a wave vector (π, π, . . .) (see below). These fluctuations are already generated by RPA-ladder diagrams in the ph-channel and in the ph-channel as visualized in Fig. 1 . Let us emphasize however, that the employed parquet methods take many more Feynman diagrams and the mutual coupling of these channels into account.
The fact that the bare pp-ladder in Fig. 2 (bottom middle) is small shows us that there is a strong feedback of the AFM or CDW fluctuations into the pp-channel through the parquet equations, which leads to the considerable contributions of the pp-channel. In other words, these pp contributions arise (only) as a consequence of the enhanced AFM and CDW fluctuations. [46] To demonstrate the importance of the (π, π) contribution, we plot in Fig. 3 the reducible contributions Φ to the full vertex F as a function of k −k for the ph and phchannel, setting q = 0 for the optical conductivity. Note that the reducible ph and ph vertices are interrelated, i.e., Φ
νnνn+ωnν n −νn kkk −k with d (m) denoting the even (odd) spin combination [17, 27] , but the part of the ph-channel that enters the optical conductivity is a very different one: Φ νnν n ωn ph,(ph),d,kk q=0 . As we see in Fig. 3 this ph-contribution is small and the ph-contribution is strongly peaked at the wave vector k − k = (π, π) because of the strong AFM and CDW fluctuations for the HM and ExtHM, respectively. Hence we can conclude that it is indeed predominately the k − k = (π, π) contribution that is responsible for the vertex corrections in the optical conductivity, and therefore we call these polaritons π-tons.
A similar peak at k − k in the ph-channel is also found for the PPP in Fig. 4 , where we only have six momenta so that we can additionally show the dependence on the Matsubara frequencies. This confirms the picture of the π-tons feeding upon strong AFM or CDW fluctuations.
Interesting questions which can however not finally be answered at the moment are: Has the π-ton a peak at a single frequency ω like an exciton or does the light rather couple to a continuum of bosonic excitations with different ω's for different k's in Eq. (2)? In the latter case, do the π-tons rather shift the quasiparticle-quasihole excitation spectrum or result in additional peaks for every k?
Characteristics of the π-ton. While AFM and CDW fluctuations are dominant at all parameters and temperatures analyzed, they become-as a matter of coursestronger when we approach a corresponding phase transition. This effect can be seen in Fig. 3 For the HM (top panel of Fig. 3) , reducing the temperature means that AFM fluctuations become strongly enhanced, cf. [21, 35, [47] [48] [49] . While there is no finite-temperature phase transition in two dimensions, the correlation length becomes exponentially large [50] . For the ExtHM, Fig. 3 (bottom), we instead enhance the non-local interaction V . This way we approach a phase transition towards CDW ordering (at 4V = U in the atomic limit and at a slightly larger V 's here [34] ).
Conclusion and outlook. We have provided compelling
evidence for what appears to be the generic polaritons in strongly correlated electron systems-at least in one and two dimensions. These polaritons, coined π-tons, consist of two particle-hole pairs coupled to the incoming and outgoing light, respectively, and glued together by AFM and CDW fluctuations.
Although the optical conductivity has been studied for a wide range of materials [51] [52] [53] [54] [55] [56] , it is difficult to quantify vertex corrections and even more difficult to rule out that these stem from excitons or weak localization corrections. If we enhance AFM or CDW fluctuations by reducing temperature or by approaching a phase transition the one-particle physics and the one-particle gap will be modified as well because of the onset of AFM or CDW order including additional spin polaron peaks [57, 58] , by enhanced life times in a Fermi liquid or by emergent pseudogap physics [59] . Against this background, we feel that a combination of optical experiments with angular resolved photoemission spectroscopy (ARPES) or neutron scattering and accompanying theoretical calculations is needed to identify π-tons in experiment. A characteristic of at least AFM π-tons will also be a high sensitivity of the optical gap to an external magnetic field. In this Supplemental Material, we present additional results for the optical conductivity and the corresponding current-current correlation function separated into different different channels as the parameters of the models are varied. We also show the reducible contributions Φ ph and Φ ph to the full vertex F d for the Falicov-Kimball model.
In the HM (Fig. S1 ) and FKM (Figs. S3-S4 ) we approach the AFM or CDW transition by lowering the temperature (in case of HM the AFM transition is at T = 0; in case of FKM the CDW transition is around T = 0.12t for the metal with U = 2t and around T = 0.2t for the insulator with U = 6t [37] ), whereas for the ExtHM (Fig. S2) we approach the CDW transition by increasing the nearest-neighbor interaction V (the transition to CDW is around V = 1.06t [34] ). In all cases studied, as we approach the phase transition the vertex contribution becomes larger. As shown in the bottom panels of Figs. S1-S4 the largest overall contribution to the vertex part is χ ph (except PPP in Fig. S2 , where it is χ pp ), with the second biggest being χ pp (with the exception of the ExtHM in Fig. S2 , where it is χ Λ ). However, as explained in the main text, the large values of χ pp mainly come from insertions of other diagrams into the pure RPA-like pp-ladder that are generated in the parquet solution (for comparison see the bottom middle left plot in Fig. S1 and the bottom right of Fig. S2 , where the contribution from a pp-ladder without other diagramatic insertions is shown). 
